Q No | Solution Marks | Remarks
L@ Zn: P (la)(x —a)" is defined as the Taylor polynomial of f(x)
about a.
f(X)=In(l—x+x?)
10y 2x-1
: (X)_l—x+x2
(L-x+x*)f'(x)=2x-1
L-x+x)f2(X)+(2x-Df'(x)=2
L—x+x)f?(xX)+@2x-Df'(x)-2=0
(L=x+x3)F3X)+(2x -1 f*(x)
+x-DFf2(x)+2f(x) =0
L—x+x)f3X)+22x-Df*(x)+2f'(x)=0
L—x+x)F*X)+@x-Df3(X)+2(2x-1) f3(x)
4200 +2f2(x) =0
L=x+x)FX)+32x-Df*(x)+6f*(x)=0
(L=x+x)F°(X)+@2x =D f*(x)+32x -1 f*(x)
+6f3(x)+6F°(X) =0
L-x+x)f°(X)+42x-DF*(X)+12f3(x) =0
£(0)=0, f}(0)=-1,f2(0)=1, f3(0)=4, f*(0)=6,
£5(0) = 24
Fifth order Taylor polynomial of f(X).is
if @), o, (DX X @F O _(@4¢
= ! 1! 2! 3! 41 5!
1, 2, 1, 1.
=X+ =X +=x>+=x" =X
2 3 4 5
O ge0=ma-0, 9=,
— X
2oy CDEDED - 1
TSy T T
gs(x):(_l)(_z)(3_1)=— 1.2 - 2! :
@-x) 1-x) 1-x)
by 23D 3
978 = (L-x)* (L-x)*
sy SA-D) 4
S e S (R




Q No | Solution Marks | Remarks
Similarly in the above manner
g'(x)=- (r-1! forr>land reZzZ”
-x)"
in(-x =3 *90
r=0 rl
In(l—x):zX g '(0) since g(0)=0
= I
o r _ _ 1
n—x) =3 X =DY
r=0 r!
na-x)=->2% Ima-x+>% =
r=o I r=0 I
IN(1+3x —4x?) = In(1+ 4x)(1— x)
Since (1-4x)1—x)>0 —%< x<1
IN(1+3x —4x?) = In(1+ 4x) + In(1—x)
4x| <1 |x|< T and |x|<1 - [x|<2
4 4
In(L+3x - 4x2) == = _ZX_
= I =
r+l o n r
Z( 1) 4"x Z Z[(_l)r+l4r —1]X—
r=1 r=1 r
Let x= = -1 +le =
2 2) =r\2
Inl—In2+Z (1J =0
r—o I 2
In2= Zi
—o 2
QNo | Answer Marks | Remarks
2| (a) 1 0<t<4
fit)=1,
t° 4<t

L(f(t) = O]e‘“ f (t)dt

4 o
L(f (1) = [e~1dt+ [et*dt
0 4




Q No

Solution

Marks

Remarks

(b

f*g= ]f(u)g(t—u)du

x(t) =e' + 2]sin 2(t —u)x(u)du

Taking the Laplace transformation of both sides

1 2
X(s)=—+
(®) s—-1 s’+4

X(s)

st +4
C(s-1)(s% +2)

X@):§(J_J_g( s J_ 2 ( 2
3ls-1) 3\s?*+2) 3/2(s?+2

Taking the inverse Laplace transformation of both sides

X(s)

5, 2 2 .
X(t) = Ze' — Zcos/2t — ———sin /2t
® 3 3 32

QNo

Answer

Marks

Remarks

2

dy
dx?

2
L(d J
dx
Taking the Laplace transformation of both sides

2
s’ +4

4 S+ 2

- +

(s> +1)(s*+4) s*+1

4 __A B

(s> +1)(s*+4) s*+1 s*+4
4=A(s® +4)+B(s* +1)
4 4

+y=2sin2t,where t>0 and y(0)=1, y'(0)=2

J =Y (s) - sy(0) - y'(0)

s?%Y —s.1-2+Y =2

A=—and B=——
3 3




Q No | Solution Marks | Remarks
4 4 S 2
Y = - + +
3(s*+1) 3(s®*+4) s*+1 s*+1
10 4 S
Y= T are? T2
3(s°+1) 3(s“+4) s°+1
Taking the inverse Laplace transformation of both sides
y = Esint —gsin 2t + cost
3 3
(b) | dx

dy
— _6X+3y=8" X —2x—y =4¢"
dt y dt y

, Where x(0) =1 and y(0) =0.

L(ﬂ) =sF(s)- f(0)
dx

Taking the Laplace transformation of both sides

sX(s) —x(0)—6X(s)+3Y(s) = 8%_1

(s—6)X —1+3Y =5
s—1
(s—6)X +3Y :Z%? ...... I
s\((s,)—y(0)—2X(s,)—Y(s,):45%l
(s—1Y —2X =—*_ _.1]
s-1
From [2]
X = (s—l)Y 4
2 2(s-1)

Substituting in [1]
(s—6) CVy__4 | g 57
2 2(s-1) 1
B 2(3s-5)
(s-1)(s—-3)(s—4)
Vo = 2 5 2 N 14
3(s-1) s-3 3(s—4)
Taking the inverse Laplace transformation of both sides

y:_get _ 4e™ +Eem
3 3

= -4 +(s—1) 2(3s-5)
S 2(s-1) 2 (s-1(s-3)(s—4)




Q No

Solution

Marks

Remarks

_ -4 +1 2(3s-5)

2(s-1) 2(s—3)(s-4)

(3s-5) _ A N B
(s-3)(s—4) s-3 s-4
3s-5=A(s—4)+B(s-3)
A=-4and B=7

-4 -4 7
X = + +
2(s-1) \(s-3) (s-4)
-4 4 N 7
2(s-1) (s-3) (s-4
Taking the inverse Laplace transformation of both
sides x = —2e"' —4e* +7e"

Q No

Solution

Marks

Remarks

1
D-3cx

1
f(x) =e> =—e*f(x
(x) D (x)

1
= f(x
D -3« )
Operating both sides by (D —3«)
(D-3a)y = f(x)

Y _3ey= (%)
dx

Let vy

The integrating factor effe'”’dX — g g7 dy _ 30873y = g% £ (x)

dx
d —3ox —3ox
&(e y)=e""f(x)
ye ** = [ f (x)dx

1
D -3«

y=e** [ f (x)dx f(x) = e* %e“ f(x)

(D? 12D +32)y =125sin 3x
Particular integral
1

=~  12sin3x
Yo D?-12D-32
1 i
Yo = —-12sin3x
(D-8)(D-4)
1 A B

(D-8)(D-4) (D-8)  (D-4)




Q No | Solution Marks | Remarks

1=A(D-4)+B(D-8) A=l andp=-1

4 4
Y, = 1 ! 2sin 3x 2( ! sin 3x — ! sin3x)
4{ (D - 8) (D 4) D-8 D-4
= 3(e8X L eosinax—e™ Le*sin 3xj
D D
— 34> Ie‘gx sin3xdx —e** Ie“‘x sin 3xdx;
e—8x e—4x
=3e™ - ~[-8sin 3x —3c0s3x] — 3¢ ————— [-4sin 3x — 3c0s3X]
3 +(-8) 3°+(-4)
276 . 432
Y, =-—-—SiN3Xx+_——C0s3X
1825 1825

The characteristics equation is 2> —124+32=0

(A1-8)(1—-4)=0 A=8o0r A1=4

The complimentary function y, = Ae® + Be**

". The general solution

y = Ae®* + Be +ﬂsin 3X+4—3ZCOS3X , Where Aand B are arbitrary

1825 1825

constants.
QNo | Solution Marks | Remarks
5] (a 2

@) d y—3dy+2y:6xe‘X
dx? dx

Let y; = (Ax+B)e™, where A and B are constants.

B __axeB)e + Ae T2 _(Ax+ B - A)e
dx dx

d 2 —X —X d ? —-X
dy2 —(Ax+B—A)e™ — Ae™ T — (Ax+B—2A)e

Substituting in the differential equation
(AX+B-2A)e " +3(Ax+B - A)e * +2(Ax+ B)e " =6xe™*
Since e* #0 6AXx—5A+6B =6Xx

5 5
A=1and B=— = x+= e
5 Yr ( 6)

The characteristic Equation 4> =31+2=0 A=2or A=1
The complimentary function

y=ae* +pe*
The general solution

5) .
y=ae*+pe” + (x + gJe , Where o and £ are arbitrary constants

6




Q No

Solution

Marks

Remarks

(b)

dx dy
— =5x-3y —Z=x+2
dt - y

Let X ="' and y = pe*'

dx dy
— =apue* and -2 = B ue*
T gt P H

Substituting in the differential equations we get
o pe” =5ae” —-38e"

Since e“' #0 (u—-5a+38=0......... [

B ue’ =ae” +2pe"

Since e”' 20 —a+(u-2)F=0......... [2]

For non- trivial solutions of o and g

u-5 3 7 3. 7 3.
=0 u=—+——1o0or uy=———Ii
-1 u-2 2 2 2 2
When ,u:—+£i Z+£i—5 o, +34,=0 .. ,[31:—£(\/§—i)051
2 2 2 6
7 3. (7 3. J3 .
When ,Ll=§—7l (E—7|—5ja2+3,82 =0 .. B, :?(\/§+I)a2
[Lﬁi} [Z_Ei}
x=ae’ */ +ae’’
Z+£it z—ﬁit
—%(ﬁ—u) 1e[2 ? ] +§(\/§—i)a2e[2 ? J

{Z+§i—5jal+3ﬁl =0 . B, =—§(\/§—i)%

{Z‘%_SJ“H% ~0 2 5, =B (i ika,

2 6
ol
; NER
y = %(ﬁ - i)ale[;+23|]t n % (W3- i)aze[;:l}




Solutions

Marks

Remarkes

f(x)=x>, 0<x<27 and f(x+2kz)= f(x) where keZ

Ty=1x

v

—4r 2 0 27  4n 6r

f(x)= 61—2"+Z(<';1n cosnx + b, sin nx)
n=1

122 12 1[ 3 2n 872
aoz—ff(x)dx:—szdx:— = =
T Ty T3], 3

1 27 1 2
a, =— jf(x)cosnxdx=— Ixz cosnxadx
4 0 4 0

27
1] x? . 2X 2 . 4
==| =sinnx+=5cosnx——sinnx | =—
7| n n n .

1 2z 1 2z
b == jf(x)sin nxdx = = szsin nxdx
7 0 4 0

27
1] x? 2X . 2 4
== |—==cosnx+=;sinnx——-cosnx | =-——
7| n n n

, 4r? &[4 A .
x2 = +Z — XCOSNX — ——sin nx
3 o\ N n

4r? = (1 T
x2 = +4Z — XCOSNX — —sin nx
3 =\n n

At x=0 %}m f(x)+ lim f(x) =27°
0" x—0" -

oC

4r? (1 1 7’
+4 — =2z - — ==
3 Z;(nzj Z[ 2) 6

n=\ N

(b)

g(x) =x(x—7x) , 0<x< 7 asaodd function
—X(X+7),-7<x<0

9(x) =
X(x-7), 0<x<nx&

g(x+2kz) =g(x) where keZ

49(x)

><V




Q.No.

Solution

Marks

Remakes

g(x)=x(x—x), 0<x<x asaeven function
X(X+7),-7<x<0
9(X)={
X(x-7x), 0<x<r&
g(x+2kz)=g(x) where keZ

94
ol T,
FARY/SVARVANY
If g(x) odd g(x)=>Y_b, sinnx
n=1
27 .
b, =— Ig(x)sm nxdx
7[0
27 .
b, =— jx(x — ) sin nxdx
”0
2{ (x? = 7) (2x—7) . 2 }
= —| = ————=Cc0sNX + ———=sin NX+ — COSNX
7 n n n

2 2 -n)- -y
n m

T

oC

X(X—7) = Z%((—l)“ —1)sinnx

n=1

4 2 . 2 . 2 .

=— ——35|nx——3$|n3x——35|n5x .......

7| 1 3 5
X(X—ﬂ)=—§ sin(2n —-1)x

T a1 (Zn _1)3

If g(x) even g(x):a—2°+2an cosnx
n=1

3
T

27 27
a, =— |g(X)dx=— |X(x—7z)dx =——
o= [9000x=" [xtx-mydx =73
a, = 2 jg(x)cosnxdx

”O

a, _2 jx(x—n)cosnxdx
4 0

2{(X2—7ZX). (2x— 1) 2 . }
= —| —SIn nx+—2cosnx——33|n nx
V4 n n n

2

-2 2y en]- 2y
n n

T

/4

0

Va

0




Q. No

Solution

Marks

Remarks

3 oc
X(x—7) = —%+Zn£2((—l)” +1)cosnx
n=1

3
T

:——+Z[%cosx+%0033x+%c035x ......... ]
4 6

3 o«
X(X - 7) :_7r_+%zc032nx
n-1

n2

Solution

Marks

Remarks

X+y=2

Xx-y=0

X+y=t

The augmented matrix of the above system is
1 1 2

1 -10

3 1 t

., ¥ R, >R,-3R
1 2
2 2

-2 t-6

R, >R, -R
1
0
0

R, —>%R2 I R, >R, +R,
11 2
01 1
0 0 t-4
Hence t =4 the system is inconsistent. That is no solution of the

system.
If t =4 the system is consistent and it has a unique solution
When t=4

112 101
01 1|RR—> R-R, ¥ |0 11
000 000

. The solutionis x=1 and y=1

10




Q.No.

Solution

Marks

Coments

(b)

X—-2y+3z=4

2x—-3y—az=5

3Xx—4y+5z=>D

The augmented matrix of the above system is
1 -2 3 4

2 -3 a 5
3 -4 5 b
1 -2 3 4
2 -3 a 5
3 -4 5 b
R, >R,-2R, { R, >R,-3R,
1 -2 3 4
0 1 a-6 -3
0 2 -4 b-12

1
R, >R,-2R, { RORA2R+R Ry o oR,
1 -2 3 4 10 -1 b-8
0 1 a-6 -3 Slo1 oo b;fz
0 0 8-2a h-6
0 0 8-2a h-6
If az4
1
3—)mR3 Rl_)Rl-l-RS RZ—)R2+2R3
I i 100 b—8+b"6
—Za
10 -1 b-8 _ -
bh-12 - 010 eru
01 -2 —=% 2  4-a
2 b-6
0 0 b-6 001 m
i 2(4_a)_ L ( _a) -

If a = 4the system has a solution

b-6 b-12 b-6 b-6
X=b—-8+ y= + Z=
8-2a 2 4—-a 8-2a
Where a and b are parameters such that a = 4

Ifa=4
10 -1 b-8
01 2 212
2
00 0 b-6

In this case if b # 6 the system has no solutions that are the system is
inconsistent.

11




Q.No. | Solution Marks | Comments
If b=6
10 -1 -2
01 -2 -3
00 0 O
X—z=-2and y—2z=-3
Take z = A where is a parameter
Then the solution is
X=A-2,y=24-3and z=A4
Q No | Solution Marks | Remarks
8
F, < — T  ” F

F, = Mkv® and F, = driven foce
Applying H =FV

P=Fv
P
Fl :V
Applyng F =ma
dv
F,-F, =Mv—
1 2 dt
P Mk = Mvﬂ
v dx

The maximum speed is attained when v? =0

X
P oMkve =0 k="
V MV
E—%vzszy
v V dx
3,3
PV 3 V)
Vv dx
273
e MV
PV°—v°)
MV 3
X=— In(V*-v?) +constant
3p Y )
When x=0v=0
3
constant = MV Inv?

12




Q No | Solution Marks | Remarks
MV 3 VAV
X=— In(V?®-v3®)+——InVv?
3P v ) 3P
lln A _ Px
3 (vi-v? MV?
3Px
V3 — eMV3 — _e3kx
V3 —y?
Let v:\i when X=X, X =iln(§]
2 2k 7
F, < ] F
Applying F =ma
MY _F Mk de — _dt
dt LAY
Mk
v
0 t
IFdV =—J'dt=—tJ. dv i
e A 0o F v
2 Mk Mk
\%
2
t= L tant| —
F F
Mk Mk /|,
= M_kta -1 \i M_k
F 2\ F
Q No | Solution Marks | Remarks

r = 5sin 2ti +12co0s2tj + 3tk
Let x=5sin2t , y=12cos2t and z =3t

2 2

X y
L= 2

52 127
while z co — ordinate increases with the time.4
.. the point moves on an elliptic spiral

=1 Always x and y co — ordinates lie on an ellipse

»

z

v

13




\Q.No

Solution

Marks

Comments

(i) Velocity r =10cos2ti — 24sin 2tj + 3k

r|= /107 cos? 2t + 247 sin2 2t + 37 =~100 + 476 5in’ 2t + 9

r

=100 + 476 +9 = 3./65

max

r

min |r|=+/100 + 0+ 9 = /109

Acceleration r =—20sin 2ti —48c0s2tj

¥ | =207 sin? 2t + 48 cos? 2t = 4+/25 +119 cos? 2t

—/25+119¢c0¢ 2t

r

max|r|=48 and min|r|=20

Q No.

Solution

Marks

Comments

9 [(b)

OC = 2i+3j—4k , OD = —4i +2j+2k

N

CD = CO +OD = —(2i +3j— 4K) + (~4i + 2j + 2k)
CD = —6i—j+6k

OA=4i+3j+6k , OB = 2i +6j

AB = AO+OB = —(4i +3j + 6k) + 2i + 6

AB = —2i +3j—6k

=22 4+3° 162 =7

AB

.. The unit vector along the direction KB is %(—2i+3j—6k)

8 N force along the direction ATB IS %(—2i+3j—6k)

Woke done by the force is F-S

F-S= g(—2i+3j—6k)-(—6i—j+6k):-¥

14




QNo.

Solution

Marks

Comments

(©)

Applying S =ut

AP = (2i + jt

r=Qi+jt—i—j
r=(2t—Di+(t-1);j (4,4)
Appliying S =ut
AQ = (i - 2j)t
r=(-2j)t+4i+4j
r=(4+1t)i+(4-2b)j O
.. The distance between two paths at any time t is
J@-1-4-t)% + (t—1-4+2t)?

=/10t2 — 40t + 50 = \/10[(t — 2)2 +1]

- d,, =~10 when t=2

Vee =2i+j, Voe =i-2j

Voo = Vpe + Vi = 2i+ j+ (=i +2j)

Vog =i+3j

Q No

Solution

Marks

Remarks

10

(a)

OP=r=rcosfi+rsindj

The unit vector along the direction OP is lr
r

s I=cosfi+sindj

N s2
N =—rsin6?tan6?i=—rSIn 91

cosd
I\/TP:rsinHj

NP = NM + MP

A2

=-r i+rsindj

cosé

MP = rtan 8(—sin #i + cosé j)

M%P =rtand .. m=-sinfi+cosdj
;:gzi(cosansin@j)
dt dt

— _sinOOi+c0s00]

;:é(—sin9i+cosej) :ém
d )
m= =—(-SIin@i+cosdj
dt - dt )

— _c0s00i—sin00]

* dm

15




Q No | Solution Marks | Remarks
m = —é(c059i+sin 0j) = Y
r=ril
dr _dl dr
— = — 4+ —
dt dt dt
r=rlerl
1.':rt.9m+lo’l
Ao o0 e e e
E:r9m+r0m+r0m+rl+rl
;:;ém+r;9.m+ré(—él)+.r.l+;ém
=lr-ré l+(r9+2r0)m
.o o2 1 . .
=lr-ré |[+= r2¢9+2rr9)m
r
. o2 1 .o .
=lr-ré@ |[+= r2(9+2rr6?)m
r
(1] .2 L]
“r=ro i+ i(rzejjm
r{ dt
(b)| Applying F=ma
2 .
ForM¢—T+Mg=M3?(2I—r)=—Mr --------- [
(1] 02
For m along the string —T :(m r-ré j --------- [2]
2 2 3
For m along the tangent O:mEOI ((jzz ‘9).,.[3]
r
Integrating w.r.t. time r? 49 = constant
Att=0 6= - constant = au?
a
5 , & au’
r‘é=au =r—2
From [1] r-T=Mg
From [2] -T :(T —Mg
M
Mm a’u?
T= +
M+m(g re j

16




Q No

Solution

Marks

Remarks

11

ﬂk

Z
B
_O/ ?'

X
Consider a small part of the ring at P with mass dm
The moments of inertiasof the ring about 02
=¥ dma’ = a’ X dm £ Ma®

¥
X
The area density of the plate = o = —;
The moments of inertia about
4= -
0Z=1,;= f; 2rxox’dx = QITET[AT = %_-'lrfﬂ'

: 1,
Using the perpendicular theorem Iz = Ig; + Iy and Ipx = Iy,

1 A
I,. = —Ma® ¥
00X 4 -
Now consider r the cone -
2 = volume density _’ﬂ') —
y_r 'f
x ? t R
y = ; 4 —p] T X
1 . \ T
M= Emﬂ' hp l

Mass of the plate = v pdx =7 ——pdx |} — 5
The moments of inertia of the plate about its diameter

1 rrxt  r

::ﬂ' — £ s-::‘ d.'l'
T ,I,.;.x;.
= p1 — dx
- 4"’11 - - -
Using the parallel axis theorem the moments of inertia of the about OV
TrTpxT TorTxT mor? [, rix*t
= 11? x-dx + P1. dx = :D,, (1"— — | dx
h= 4h= h= A\ 4h-
- - rd
The moments of inertia of the cone about 0¥ = [* *2—(x2 + — ) dx
Tor? . NE%s § mrph . . 3M . .
=——(4h* + ) |—| = 4h* +r°) =— (4h" 4+ r-
e )lS 20 ( ) =% ¢ )

17




Q No | Solution Marks | Remarks
Applying the energy conservation law
1 .. 3h
5!5" —mgTSEﬂE =0. . [1]
Applying F = Ma X .
X — Mgsing = MT4? I~ !
3h3Mghsing
X=Mgsinf +M——=" — —
Y
[ QAfh-
X = Mgsin# ( 1+
.\ 8l
3h .
Y+ Mgeosd =M TE
Differentiating [1] 268 = 22 cos86
. 3Mgh
g = g cosd
IMh SI'U}'Q'.:"
Y =—-Mgcos8 + cosf
o 4 4]
= ( 1) Mgheose
= Tel Mgncos
When axis is vertical 8 == ¥ = 0
Y= M ( 1 g_l'lffh:
S S:Y:
v ' M h?
A T
Sﬁ ET" T ‘1-."1':]?}
=g (1452
A ST
Q No | Solution Marks | Remarks
12(a) | A=2ti—(t-1)j+e'k , B=(t-Di+2tj—e'k

A-B=2t(t-1)-2t(t-1) ++e' (-e') = -

d
—(A-B) = —2¢e*
Olt( )

i(A><B) :iAxB+Ax£B
dt dt dt

i J k i i k

2 -1 e' [+]2t —(t-1) e'|=—(t+2)e'i+(2+3t)e'j+8tk
t—1 2t —e' 1 2 e
d d d d d
—(A+B)=—A+—B=—(2ti—-(t-Dj+e'’k+—(t-2i+2tj—e'k
gt ATB) =g AT g B g (KD g (DT
=2i-j+e'k+i+2j—e'k=3i+]

18




Q No

Solution

Marks

Remarks

12(b)

S rx () = SE DV (v

%(rx(vxr)):%[r-r]v+(r-r)%v-%[v-r]r-[v-r]%r

dt

:[r-ir+r-£r]v+ r’a
dt

-[V-%F+%V-F]I‘-[V-F]V

=2(v-r)v+rla—[v-v+a-rlr-(v-r)v

=ra+(v-r)v-[v’ +a-rJr

12(c)

cost . sint . e

) 1= J1+e? " J1+e? " V1+e

k

2 2 2
cost sint e'
2l \/(\/1+ e V1+e? V1+e®
_\/coszt+sin2t . e’ .
1+e* 1+e® 1+e”

1f@®)|=1. [f@)] =1f(t)-f(t) =1
d
a[f(t)-f(t)]=0
d d d
(0 FO+HO)AO=0  2A(@)A()=0

f(t)-%f(t) =0 .. f(t) is perpendicular to %(f(t)).
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